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1 Introduction 

Let s = a + z/3bea complex number. The complex Riemann zeta function 
is defined in the half-plane a > 1 by the absolutely convergent series 



and in the whole complex plane C by analytic continuation. As shown by 
Riemann, the zeta function (1) extends to C as a meromorphic function with 
only a simple pole at s = 1 with residue 1. In [1] Riemann obtained an 
analytic formula for the number of primes up to a preassigned limit in terms 
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of the zeros of the zeta function (1). This principal result implies that natural 
primes are distributed as regularly as possible if the Riemann hypothesis is 
true. 

Riemann Hypothesis. The nontrivial zeros of £ (s) have real part equal 



The Riemann hypothesis is probably the most important open problem 
in pure mathematics today [2]. The unsolved Riemann hypothesis is part 
of the Hilbert's eighth problem, along with the Goldbach conjecture. It is 
also one of the Clay mathematics institute millennium prize problems. This 
hypothesis has been checked to be true for the first 1500000000 solutions. 
However, a mathematical proof is not formulated since its formulation in 



It is well known that the Riemann hypothesis is equivalent to the state- 
ment that all the zeros of the Dirichlet eta function (the alternating zeta 
function) 



falling in the critical strip D — {s = a + i(3 E C with < a < 1} lie on the 
critical line a = \. See [3-4-8, pp. 49]. We have r) (s) = (1 - 2 X ~ S ) C (s) and 
the series rj (s) given by (2) converges only for s = a + i/3 e C with a > 0. 
The function rj (s) is a non-constant analytic for all s = a + if3 G C with 
a > 0. 

2 Evaluating the possible values of a 

The functional equation for rj (s) restricted to the critical strip D is given by 



Let J] (s) = x (s) + iy (s) and rj (1 — s) = u(s) + iv (s) be the algebraic forms 
of r\ (s) and r] (1 — s) where 



to a — \. 
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x ( s ) = ^2 ( % cos (z 3 ln n ) >y ( s ) = ~ S ( n° sin ln n ) 

n=l n=l 

(4) 



OO 
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Also, the function <p (s) can be written as ip (s) = (s) + i<p 2 ( s ) an d there- 
fore it is given uniquely by the polar form <p(s) — p (s) exp (i9 (s)) , where, 
p (s) = a/ <pf (s) + (pi ( s ) 7^ is the magnitude and 9 (s) = argp(s) e K, 
is the argument of <p (s) . Here, we have <p x (s) = p (s) cos (s) and tp 2 (s) = 
p (s) sin # (s) since such complex numbers are entirely determined by their 
modulus and angle. The fact that p (s) is analytic implies that 9 (s) and 
p (s) cannot be constant everywhere in any open subset of C. However, this 
is possible in some open sets of D as we can see below. 

Note that all the identities concerning arguments in this paper holds 
only modulo factors of 2tt if the argument is being restricted to (— tt, n] . To 
compute these values we can use function arctan 2 defined as follow 



arctan2 (a, b) = < 



arctan , if a > 
arctan (^) ± n, if a < 
±f, if a = 



undefined if 6 = 0, a = 

with principal values in the range (— n,7r] . Here, (a, b) = a + ib G C and 
the sign "— " corresponding to the case b < 0. The main reason here is that 
the statement concerning the argument of a product used between Equa- 
tions (12) and (13) below assumes the argument as an equivalence class of 
numbers. If we need the argument as a single number one needs to fix a 
half-open interval of length 2n to which the argument belongs by definition, 
i.e, we choose (— tt, tt] for the purpose of calculations in this paper. The angle 
associated with the product of two complex numbers Ziz 2 is 9±+ 9 2 . Hence, 
all the equations involving arguments from and below equation (12) are cal- 
culated using addition modulo 2ir. We simply write arg (ziZ 2 ) = (6^ + 9 2 ) 
(mod27r) and take only the principal value of any angle. 
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The main result for the proof of the Riemann hypothesis is given as follow: 



Theorem 1 The complex number s = a + i/3EDisa solution of rj (s) = 
and a = \ if and only if 9 (s) ^ (mod 2%) , x (s) = u(s) and y (s) = 
-v (s) . 

Proof. We note that the assumptions of Theorem 1 are valid only for single 
s G D since all zeros of a non-constant analytic functions are isolated. Hence, 
in all what follow we deals only with a single value s G D. 

(1) Proving that if s = a + if3 G D satisfying 9 (s) ^ (mod27r) ,x(s) = 
u (s) and y (s) = — v (s) , then s is a solution of r\ (s) — with a = | : 

For this purpose, substituting the algebraic forms of rj (s) and rj (1 — s) 
into equation (3) to obtain 

x(s) = u{s) (s) -v(s) c^ 2 (s) 
y(s) =u{s) ip 2 (s)+v(s) v?x (s) 



x (s) 

y( s ) 



or 



A(s) 



(5) 



U{S) 

v(s) 



A(s) = p(s) 



cos 9 (s) — sin 9 (s) 
sin6>(s) cos9(s) 

and the inverse transformation is given by 

u ( s ) = + $§)¥>2 («) 



(6) 



By setting z (s) 
of the form 



^j|y and «; (s) = ^y, we obtain a rotation transformation 



w(s) J - 1 j I u(s) 



cos#(s) — sin#(s) 
sin6'(s) cos6'(s) 



(7) 



The matrix B (s) in (7) is invertible for all s e D since its determinant 
is 1. It is well known that a non trivial rotation must have a unique fixed 
point, its rotocenter. The rotation in (5) is non trivial if <p (s) 7^ 1 (here we 
assumed that (s) 7^ (mod27r) in the second part of Theorem 1). The 
reason is that the trivial rotation corresponding to the identity matrix, in 
which no rotation takes place. The fixed point of the rotation in (7) must 
satisfies (I2 — B (s)) (u (s) ,v(s)) = where I2 is the 2x2 unit matrix. The 
determinant of the matrix (I2 — B (s)) is —2 (cos# (s) — 1) and it is not zero 
since 9 (s) 7^ (mod27r) , this means that s is a solution of rj (s) = by using 
(3). 

For s & D, the assumptions x (s) = it (s) and 2/ (•§) = — v (s) can be 
reformulated by using (5) and (6) as follow: 

x(s) = u (s) ip l (s) - v (s) v? 2 (s) — u (s) — x (s) (s) + y (s) v? 2 (s) 

y(s) = u (s) y? 2 (s) + v (s) <p x (s) = -v (s) = - (y (s) ip l (s) - x (s) <p 2 (s)) 
that is, 

u (s) ^ (s) - v (s) y? 2 (s) = x (s) ifi (s) + y (s) ip 2 (s) 

u (s) ip 2 (s) + f (s) ^ (s) = - (-£ (s) y? 2 (s) + y (s) ip x (s)) 

by replacing the values of (p 1 (s) = p (s) cos 9 (s) , <p 2 (s) = p (s) sin (s) , and 
the values of x (s) ,y (s) ,u(s) and t> (s) from (4), we obtain the following 
equation 

00 / >n-l 

iZ ^— (1 - n 2a - V 2 (*)) exp Inn) = (8) 

ra=l 

At this stage assuming 9 (s) 7^ (mod27r) , x (s) = -u (s) and y (s) = —v (s) , 
then s is a root of r\ (s) = 0. Since, we speak about a single and isolated root 
s, the only solution of (8) is obtained when 

«=\ (9) 

for some j3 G R. Indeed, for a = |, we have p(s) = 1 by using direct 
calculations. See [9] for more details. In this case s — \ + i(3 is a root of 
equation (9). 

(2) Proving that if s = a + i/3 e D is a solution of 77 (s) = with ol — \ 
then (s) 7^ (mod 27r) , x (s) = u (s) and y (s) = —v (s) : 
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For this purpose, assume that s G D is a solution of 77 (s) = with a = |, 
then, trivially, we have x (s) = it (s) = and y (s) = — v (s) = 0. Thus we 
only need to prove that 6 (s) 7^ (mod27r) . From the second equation of (3) 
we have 

^tt/? + i sinh ^7r/3 J r ( ^ - i/3 



f 2 *^ ^ (cosher/? 



and by direct calculations, we get 



(10) 



7T" 



1 

spa 



"2-1 



= (cos (/? In 7r) + z sin {fi In 7r)) 

sin(/3 In 2) 



- 3 cos(/31n2)-| v / 2 



2-1 



4 cos (/3 In 2)-| v / 2 4 cos(/3 In 2)- 1 V2 

sfn exp ( - i (2#(/3) +/3 In 2?r+arctan ( tanh ^ ) ) ) 
^/cosh 7T/3 



(11) 



where (i) is the Riemann Siegel function [10] given by 



■& (t) = arg T 



2zt + 1 



log7T 



M G 



The argument is chosen such that a continuous function is obtained and 
d (0) = holds, i.e., in the same way that the principal branch of the log 
Gamma function is defined. Also, the argument of Y (s) is well defined and 
harmonic on the plane with a cut along the negative real axis. 

On one hand, the last formula of equation (12) can be proved easily for 
z = /i + it by using the following equations 



cos — ^jA/cosh (frt) ex P (— iarctan (tanh (y))) 
r (5 + <!) = l r (3+<l)|exp(» (0(t) + |ln7r)) 

r(z)r(z + i) =2 1 - 22 v ^r(2z) 
r(z)r(i -z) = 

V / V / Sin7T2 



and then we get the formula by setting z — | + i| and replacing £ by — /3. 
Indeed, we have 

7T 1 



r(2z) = 2 2z - i 7r~2r(2) 



cos (nz) T (\- z) 



For z — j + i\, t e R, we have 



r ( - + it ) = 



Hence, we have 



r_Q-M|) 
cos ( 7r (i + i|))rQ-i|) 

f 2 i *7rW**exp(2n?(f)) 

2 / Vcosh 7rt exp (—i arctan (tanh (y))) 



Thus, we obtain 



+ zi 



For t = — (3, we have 



yrexp (i (20 (t) + tin (2tt) + arctan (tanh (y)))) 
^/cosh (7rt) 



vrexp (-i (2t? + /31n (2?r) + arctan (tanh (^ )))) 



A/cosh (nj3) 

because the function t — > arctan (tanh (y)) is odd and since the function 
$ (i) is also odd as shown in [10]. We note that other proof of the last 
equation of (12) uses the functional equation of the zeta function. 

On the other hand, we can calculate the arguments of the quantities in 
(12) as follow 

arg (v 7 ^) = (mod27r) 
arg (VM) = (/3hi7r) (mod27r) 

--w(p) (mod27r) 

arg (cosh f + i sinh = <f> (P) (mod 2tt) 
arg(rQ -10)) = V>(/3) (mod27r) 



arg 



2 i|9 ~?-l 



;i2) 



ca (/3) = — arctan ^ 



1 sin(/31n2) 



3 cos(/3 1ii2)-§a/2, 

(/3) = arctan (tanh ^) 
^ tfj (p) = - (20 (P) + In 2tt + arctan (tanh ^)) 
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The arguments: t In %, w (t) , <fi (t) and ip (t) in (12) are well defined since the 

functions n lt ~^ , cosh {\nt) + % sinh (§7r/j) , 2 ^ l3+ \~ 1 and r (| — it) are not zero 

for all t G R. In particular, this is true if t — f3 — Im (s). 

Since the complex argument of a product of two numbers is equal to the 
sum of their arguments, then from (12) and the remark following Equation 
(4) we have 

9 (2+^) = (O + /3m7r + w + + '0) (mod27r) (13) 



Hence, we have 

(l(\ + i0) =2(g(P) -■»{/))) (mod2,r) 
gVD = -|(/?ln2 + arctan(l CT ff!^| V 2 
Thus, from the first equation of (14) we get 



(14) 



0i 



»0J)-5»g + w) 



(mod27r) (15) 



The only possible value of equations (| + = 2&7T is when k = 0. Indeed, 
assume that (| + i(3) = 2kn. We know from [10] that i? (/5) is an odd 
function and g {13) is also an odd function by direct calculations. Hence, 
from (15) we have d (— /?) = —g (0) — kn = —g (0) + A;7r, that is, k = 0. As 
mentioned above, we must prove that 9 (| + 7^ (mod27r) if | + i(3 is 
a root of rj (s) = 0. We know that the function d (f3) has only three roots 
and ±17.8455995405... Hence, the equation g {0} -§#(§ + = has only 
the same three roots, that is the equation 9 (| + i0) = 2g (/?) has only the 
same three roots. The only possible case to get 9 (| + i0) =0 (mod27r) is 
when (3 = since we have g (0) = 0, 3 (17.8455995405) = -4.8774... and 
g (-17.8455995405) = 4. 8774... However, the real s = \ + iO is not a root of 
(s) = (we have i] (|) ~ 0.60440). Hence, we have proved that if s E D is 
a solution of 77 (s) = with a — |, then 6* (s) 7^ (mod27r) . ■ 

Theorem 1 proves that the Riemann hypothesis is true for the function 
rj (s) if and only if 9 (s) 7^ (mod27r), x(s) = u(s) and y (s) = —v(s) 
for every root s G D of the equation 77 (s) = 0. Hence, to prove that the 
Riemann hypothesis is true for the function r}(s), we need only a proof of 



8 



the second part in Theorem 1 since we have an equivalence between the two 
cases. Clearly, if s G D is a root of 77 (s) = 0, then x (s) = u (s) = and 
y (s) = —v (s) = 0. Hence, we need only to prove that if s is a root of 
7] (s) = 0, then 9 (s) ^ (mod27r). 

For this purpose, let us define the following relation in C 2 . 

V (s, q) G C 2 : sRq <=> 9 (s) ^ (mod 2vr) and 9 (q) ^ (mod 2tt) 

Clearly, this is not an equivalence relation if there exist s G C such that 
9 (s) = (mod27r) (for this point, reflexivity fails). Define the set Q = 
{s G D : 9 (s) 7^ (mod27r)} such that the relation is an equivalence rela- 
tion. Indeed, we can verify the following properties: 

(a) Reflexivity: Vs G fi, sRs & 9 (s) ^ (mod27r) . 

(b) Symmetry: V (s, q) G Vt 2 : si?g <£> 9 (s) ^ (mod 2tt) and (g) ^ 
(mod27r) =>- gi?s. 

(c) Transitivity: V (s, g, h) G f2 3 : si?g and gi?/7, <^ (s) 7^ (mod27r) and 
(q) j£ (mod27r) and 9 (h) ^ (mod27r) sita. 

There is only one equivalence class for this relation and it is defined by 

s = {q G tt : 9 (s) ^ (mod27r) and (q) ^ (mod27r)} 

From Theorem 1, each s G f2 is a root of r\ (s) = 0. 

From the relation rj (s) = (1 — 2 1 ~ s ) £ (s) , we know that if f3 > 0, then 
the first non trivial zero of 77 (s) = in D is computable by hand and its 
value is si = I + 14.134725142i.. For this root, we have ip (si) = 0.992 62 + 
0.121 28i and 9 (s\) = (0.12158) (mod27r) . Hence, the representative of this 
equivalence class is s±. This logic implies that if s G D is any root of r\ (s) — 0, 
then 6> (s) 7^ (mod27r) since we have 9 (si) 7^ (mod27r) . 

To complete the proof, we need to prove that all roots s G D of rj (s) = 
are located in Q. Indeed, the converse of Theorem 1 can be stated as follow: 

(77 (s) ^ 0) or (a ^ \) if and only if (9 (s) = (mod27r)) or (x (s) ^ u (s)) 
or (y(s) ^ -v(s)). 

The partial case (the complex number s — a + i/3&D is a, solution of 
r)(a + i(3) = and a 7^ |) is include in the part (a 7^ |). In this case, 
9(s) = (mod27r) =>• (r] (a + i/3) = with a ^ \) or (77(5) 7^ 0). From 
the proof of Theorem 1, we have 9 (s) 7^ (mod27r) =>• 77 (s) = 0, then the 
converse of this case is 77 (s) 7^ =>- (s) = (mod 27r) and it is also true. 
Hence we have 77 (s) 7^ =>- (s) = (mod27r) =>- (77 (a + i/3) = with 
a 7^ |) or (77 (s) 7^ 0), thus we conclude that 9 (s) = (mod27r) implies only 
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r] (s) ^ 0. Hence, we get 9 (s) = (mod27r) <£> rj (s) ^ 0, that is, (s) ^ 
(mod27r) r\ (s) = 0. 

Finally, we can concludes that 

Theorem 2 The Riemann hypothesis is true, i.e., all the nontrivial zeros of 
( (s) have real part equal to a — \- 

Proof. The fact that the Dirichlet eta function (2) have the same zeros as 
the zeta function (1) in the critical strip D, implies that all nontrivial zeros 
of £ (s) have real part equal to a — |. ■ 

At this end, the hope that primes are distributed as regularly as possible 
is now become a truth by this unique solution of the Riemann hypothesis. 
Also, all propositions which are known to be equivalent to or true under the 
Riemann hypothesis are now correct. Examples includes, growth of arith- 
metic functions, Lindelof hypothesis and growth of the zeta function, large 
prime gap conjecture... etc. 

Acknowledgment 

We would like the thank many colleagues for their valuable comments 
improving the quality of this paper: Michel L. Lapidus (University of Cal- 
ifornia), Andrew Odlyzko (University of Minnesota), Sergey. K. Sekatskii 
(Ecole Polytechnique Federate de Lausanne), Marek Wolf (Cardinal Stefan 
Wyszynski University, Poland), Chris King (University of Auckland, Aus- 
tralia), Jinhua Fei, Peter Braun and Craig Feinstein. 

References 

[1] G. F. B. Riemann, Ueber die Anzahl der Primzahlen unter einer gegebe- 
nen Grosse, Monatsber. Konigl. Preuss. Akad. Wiss. Berlin, 671-680, 
Nov. 1859. 

[2] M. Sautoy, The music of the primes: Searching to solve the greatest 
mystery in mathematics, HarperCollins, New York, 2004. 

[3] H. M. Srivastava and J. Choi, Series associated with the Zeta and re- 
lated functions, Kluwer Academic Publishers, Dordrecht, Boston, and 
London, 2001, 

[4] J. Sondow, Zeros of the alternating zeta function on the line Re(s) = 1, 
Amer. Math. Monthly, vol. 110, pp. 435-437, 2003. 



10 



[5] J. Havil, The zeros of zeta." §16.6 in Gamma: Exploring Euler's con- 
stant. Princeton, NJ: Princeton University Press, pp. 193-196, 2003, 

[6] J. Derbyshire, Prime obsession: Bernhard Riemann and the greatest 
unsolved problem in mathematics. New York: Penguin, 2004. , pp. 384. 

[7] J. P. Serre, A Course in arithmetic, Chapter VI. Springer- Verlag, 1973. 

[8] S. Choi, B. Rooney and A. Weirathmueller, The Riemann hypothesis: A 
resource for the afficionado and virtuoso alike, Springer- Verlag, 2007. 

[9] E. C. Titchmarsh, D. R. Heath-Brown, Theory of the Riemann Zeta 
function, Oxford Science Publications, 1987. 

[10] H. M. Edwards, Riemann's Zeta Function, New York: Dover Publica- 
tions, 1974. 



11 



